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Abstract. This report studies the single-SLC Doppler-domain micro-motion tomography work-
�ow proposed by Biondi (2022) and Biondi�Malanga (2022) from three directions at once. First,
it reconstructs the published method as executable software, keeping an explicit taxonomy of lit-
eral method components, paper-compatible engineering, corrective extensions, and performance-
only runtime choices. Second, it subjects the method itself to a critical signal-level analysis and
shows several structural properties that the source papers do not state: the published steering
law is dimensionally inconsistent as written; real-valued motion observables produce tomograms
that are exactly mirror-symmetric in depth unless an analytic-signal step is added; the investiga-
tion frequencies quoted by the papers exceed the pair-axis Nyquist rate by orders of magnitude;
the e�ective depth aperture is carried by lag families rather than by individual sub-aperture
pairs; and the band-passed micro-motion series is nearly orthogonal to the steering manifold,
which a MUSIC diagnostic makes directly visible. Third, it validates and benchmarks the ex-
tended implementation: a raw-signal synthetic generator with vibrating point scatterers exercises
the full sub-aperture/tracking chain against ground truth; shu�e and sign-�ip null tests bound
what tomographic structure can be trusted; and a resumable 48-hour benchmark suite mea-
sures tracking �delity, estimator behavior (damped pseudoinverse, Capon, MUSIC), ablations,
runtime, and memory; real TerraSAR-X HS SSC products are used to exercise ingestion and
to measure runtime and memory at scale, while controlled accuracy claims rest on synthetic
ground truth. The quantitative results are populated directly from one completed run of that
suite. The front end tracks injected micro-motion with range correlation near unity in its valid
regime, but the tomographic localization built on top of it does not exceed its own shu�e-pairs
and sign-�ip null �oors under synthetic ground truth � the method's depth contrast is carried
by the family-mean component, exactly as the critical analysis predicts.

Code availability. The CUDA/C++ and Python source code that accompanies this report is
publicly available at https://github.com/not-JASH/sar-doppler-tomography under the

MIT License.
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Foreword and Disclaimer

The honest motivation behind this project was probably as much about AI as it was about
volcanoes, pyramids, and the possibility of forgotten structures hidden within or beneath them.
Over the past few years, I had read enthusiastic claims that AI tools were now capable of
acting as serious research accelerants�compressing the path from an unfamiliar paper to a
working, instrumented implementation in days or weeks rather than months�and an equally
vocal counter-current that treated such claims as marketing. I wanted to test that question for
myself on a task I could not have realistically completed alone in the same time frame: taking
a published, computationally heavy, and only partially speci�ed signal-processing method and
using AI assistance, together with conventional software engineering and GPU parallelization,
to turn it into an executable, inspectable, and benchmarked pipeline.

Dr. Biondi's Doppler tomography work�ow was a near-ideal subject for that test. The
method is technically substantial; its surrounding claims�the Vesuvius interior, the Great
Pyramid case study, and the wider Khafre Project discussion�were striking enough that I
had repeatedly encountered complaints in podcasts, interviews, and online discussions that
the work remained largely unveri�ed because so few people had the time and background to
reproduce it. The reported per-tomogram processing cost�weeks or months on workstation
hardware�also made parallelization an obvious second axis of investigation. With a background
in C++ optimization and parallel computing, I could plausibly handle the implementation
side; the open question was how much of the rest�reading the method, hardening the pipeline,
designing experiments, and writing this report�an AI-assisted work�ow could realistically carry.

This report is the result of that experiment. It should not be read as an endorsement of any
archaeological or subsurface-structure claim associated with the Great Pyramid, Vesuvius, or
any other site. Its purpose is narrower and more technical: to reconstruct the published method
as software, identify what its mathematics and signal model do and do not support, implement
well-de�ned corrections where necessary, and benchmark the resulting pipeline under controlled
tests. The strongest claims made here concern reproducibility, implementation, signal-level
analysis, synthetic validation, null tests, and performance. The report does not establish the
physical validity of any claimed hidden structure.

AI assistance was the through line connecting the implementation, the experiments, and
this manuscript, and it is part of what is being evaluated rather than merely a writing aid.
Appendix D records which tools were used at which stages. Research framing, selection of
claims, interpretation of results, and �nal acceptance of code and manuscript changes remained
under my control. AI accelerated the work; it did not replace independent judgment, validation,
or responsibility for the contents of this report.

Copyright 2026 Jashua Luna.
Except where otherwise noted, this work is licensed under the Creative Commons Attribution 4.0 Inter-
national License (CC BY 4.0).
Any third-party �gures, images, tables, or excerpts remain under the copyright and license terms of
their respective owners. Adapted material is identi�ed in the relevant caption or note.
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1 Introduction

1.1 Context and Motivation

Synthetic Aperture Radar (SAR) single-look complex (SLC) products preserve phase and co-
herent speckle statistics and therefore contain information not only about scene re�ectivity but
also about motion-induced perturbations. The work�ow studied here treats those perturba-
tions as the signal of interest: a single focused SLC is decomposed into Doppler sub-apertures,
micro-motion is estimated by comparing the resulting looks, and a depth-dependent response is
reconstructed through a steering-matrix focusing operator [2, 3].

This is not conventional multi-pass TomoSAR [18]. The diversity is constructed within one

aperture by selecting Doppler sub-bands and comparing lower-azimuth-resolution looks rather
than by stacking repeat-pass acquisitions. The published applications � imaging the interior of
Vesuvius to a claimed depth of 3 km and resolving internal structure of the Great Pyramid �
are scienti�cally contested, and this report takes no position that the published reconstructions
are physically valid. What it does instead is make the method fully executable, identify exactly
which of its mathematical claims hold, fail, or are under-determined at the signal level, and
measure what the resulting pipeline can demonstrably recover under controlled ground truth.

1.2 Scope and Questions

Relative to an earlier revision of this report, which was framed purely as a reproduction-and-
systems study, the scope has widened in two ways. The implementation now corrects identi�able
defects of the literal method where a correction is well de�ned (complex two-component obser-
vations, analytic-signal direction discrimination, aliasing guards), and the evidence base now
includes end-to-end synthetic ground truth, falsi�cation-oriented null tests, and a comprehen-
sive benchmark suite. The manuscript is organized around four questions:

(i) What executable processing chain is actually implied by the reference papers, and which
of its signal-level properties can be established or refuted analytically?

(ii) Which implementation choices are literal reproductions, which are paper-compatible en-
gineering, which are corrective extensions, and which are purely performance-oriented?

(iii) What can the full chain � sub-aperture decomposition, pixel tracking, observation con-
struction, and tomographic focusing � demonstrably recover when the ground truth is
known, and what do null tests say about the rest?

(iv) How do the three implemented estimators and the main runtime parameters shape accu-
racy, runtime, and memory on workstation hardware?

1.3 Contributions

� A staged paper-to-code reconstruction of the Doppler tomography work�ow with the main
signal-processing objects kept explicit, executed by a �xed CUDA/OpenMP runtime now
organized into three translation units (kernels, estimators, pipeline orchestration).

� A critical analysis of the published method (Section 3) establishing �ve structural results: the
dimensional inconsistency of the literal steering law; an exact ±z mirror ambiguity of real-
valued observations (Proposition 1); the aliasing of the published investigation frequencies
relative to the pair-axis Nyquist rate; the concentration of depth aperture in lag families; and
the near-orthogonality of band-passed motion series to the steering manifold.

� Corrective extensions implemented rather than merely documented: a complex two-component
observation model per the papers' own Eq. (8); an analytic-signal stage that provably removes

1
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Table 1: Claims, evidence, and strength of support in this report.

Claim Evidence Support Main limit

An executable
computational chain can
be recovered from the
papers

Staged pipeline reconstruction
with per-stage equations
(Section 5)

Strong The papers are not
complete software
speci�cations

The literal method has
identi�able signal-level
defects

Closed-form analysis in
Section 3; mirror-symmetry
proposition; Nyquist
arithmetic; MUSIC
orthogonality diagnostic

Strong Analysis addresses the
method as written, not
every conceivable
reading

The corrective extensions
repair those defects
without changing the
intended inverse problem

Implementation + ablation
stage of the benchmark suite
(Section 10.4)

Strong Ablations quantify the
e�ect on this
implementation only

The front end tracks
known micro-motion
faithfully in its valid
regime

End-to-end synthetic ground
truth: range correlation
0.97�0.99 for f0Tsub ≲ 0.4,
collapsing past it
(Section 10.1)

Strong Valid regime bounded
by f0Tsub ≲ 1 and SNR
≳ 30 dB

The tomographic
localization does not
exceed null-test levels

Shu�e-pairs and negate-Kz

controls on synthetic ground
truth: reference/shu�e
contrast ratio ≤ 1.04×, Kz

sign �ip leaves peak-z
unchanged (Section 10.3)

Strong A negative result for
this method on the
synthetic reference
scene, not a general
impossibility proof

The implementation is
executable and
resource-bounded on
workstation hardware

Benchmark perf-scaling and
repeatability stages, plus
real-product runtime anchors

Strong One implementation,
one workstation

Physical validity of
reconstructed depth
structure

Not established; depth scale
λvib = v/f is a free parameter
(Section 3.5)

Not
claimed

Outside the reach of
single-scene
experiments

the mirror ambiguity; a Nyquist guard with explicit aliasing bookkeeping; and a literal sub-
aperture stepping mode for strict paper-pro�le runs.

� Three tomographic estimators behind one interface � weighted damped pseudoinverse, Capon
(MVDR) [4], and MUSIC [19] � with batched CUDA execution.

� A validation methodology with teeth: a raw-signal synthetic generator that injects known
harmonic micro-motion at the SLC level, a scorer that measures displacement-tracking �delity
and tomogram behavior against truth, and two null tests (pair shu�ing, Kz sign �ip) that
bound what reconstructed structure can be attributed to the data rather than the operator.

� A single-command, resumable, budget-aware benchmark suite (∼48 h) whose machine-readable
output populates the quantitative results of this report.

1.4 Claims and Evidence

Table 1 states the report's claims against their evidence. The hierarchy is deliberate: analytical
results and ground-truth synthetic measurements are the strongest evidence; real-data runs
demonstrate ingestion and runtime/memory behavior at scale, not validated subsurface physics.

2
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Table 2: Operational classi�cation of implementation choices.

Class Representative components

Literal COSAR decoding, TerraSAR-X SSC metadata interpretation, canonical
range/azimuth handling, orbit and geometry extraction, Doppler
sub-aperture construction, NCC pixel tracking, explicit construction of A
and per-pixel Kz, pseudoinverse focusing [7, 2]

Corrective extension Complex two-component observation model (papers' Eq. (8) {a, b});
analytic-signal stage removing the ±z mirror ambiguity; pair-axis Nyquist
guard and aliasing bookkeeping; dimensionally consistent steering law
exp(jKzz) replacing the literal exp(j2πKztz) (Section 3.1)

Paper-compatible
engineering

Multi-lag pair-family schedule (Nc > 1); per-pixel Kz; adaptive vertical
sampling; ground-referenced line reprojection; con�dence weighting;
pairwise centering; Tikhonov damping; Capon and MUSIC estimators;
null-test controls

Performance-only FFT-friendly size smoothing, OpenMP worksharing, CUDA batched
BLAS/solver kernels, pinned-memory staging, memory-budget-based
batching [14, 12, 15, 16, 13]

2 Reproduction Target and Claim Taxonomy

2.1 Reference Papers

The reference method is the Doppler-domain micro-motion tomography work�ow of [2, 3]. Both
papers share one computational core: a focused SLC is decomposed into Doppler sub-apertures;
inter-sub-aperture motion is estimated by pixel tracking / sub-pixel coregistration; the resulting
observations are organized along a tomographic line; and a depth-dependent pro�le is recov-
ered by focusing those observations with a steering-matrix model. The volcano paper is the
clearer reproduction target: it writes the tomographic model as Y = A(Kz, z)h(z) with solution
h(z) = A†Y and gives an 11-block computational scheme from SLC input to geocoded tomo-
gram [2]. The pyramid paper presents the same chain more compactly with application-speci�c
reconstructions [3].

Algorithm 1 Reference work�ow reproduced in this report, adapted from the paper-level
schematics in [2, 3]

1: Load focused SLC and required scene metadata
2: Partition azimuth spectrum into Doppler sub-apertures
3: Reconstruct lower-resolution sub-aperture looks
4: Compare selected looks to estimate per-pixel motion observations
5: Assemble observation vector Y for each pixel on the tomographic line
6: Evaluate per-pixel geometry term Kz and steering matrix A(Kz, z)
7: Solve the local inverse problem to recover the depth-dependent response

2.2 Four-Way Claim Taxonomy

An earlier revision of this report used three categories (literal, paper-compatible engineering,
performance-only). The critical analysis in Section 3 forces a fourth: corrective extension, mean-
ing a change that departs from the literal method because the literal method is demonstrably
defective at the signal level, while preserving the intended inverse problem. Table 2 applies the
full taxonomy.

3
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2.3 Boundaries of Literalness

The reference papers provide computational schematics, not software speci�cations. They leave
product parsing, metadata normalization, coordinate conventions, numerical safeguards, batch-
ing, and hardware-speci�c execution implicit. Those omissions are the boundary between a
research description and an implementation speci�cation; they are treated here as engineering
additions rather than literal claims. Where the papers' written mathematics is internally in-
consistent, Section 3 states the inconsistency and the adopted resolution explicitly instead of
silently repairing it.

3 Critical Analysis of the Published Method

This section is the analytical core of the report. Each subsection states a property of the method
as published, gives the argument, and identi�es the implementation consequence. All �ve prop-
erties were discovered or con�rmed in the course of building and validating the implementation;
none is stated in the source papers.

3.1 The Steering Law Is Dimensionally Inconsistent as Written

Both papers write the steering-matrix entries in the literal form A[i, f ] = exp(j 2πKz,i t zf )
(volcano Eq. (10), pyramid Eq. (22)). Since Kz carries units of rad/m, the additional factor 2π
double-counts angular units, and the stray time variable t has no referent: Kz is indexed per
pair, not per time-sample within a pair. Treated literally the phase is not dimensionless. The
implementation adopts the textbook TomoSAR convention [18]

Ap,n = exp
(
jKz,p zn

)
, (1)

which is dimensionally consistent and reproduces the papers' own resolution prediction δz ≈
λvibR/(2Aap). One alternative reading of the literal equation � that the phase is meant to evolve
with slow time t at a rate proportional to Kzz, i.e. a time-frequency dictionary in which depth
maps to a temporal frequency � would couple more naturally to the oscillatory observations
discussed in Section 3.6, but it cannot be made dimensionally well de�ned without parameters
the papers do not supply. The adopted form (1) is therefore a corrective reading, recorded as
such in the taxonomy.

3.2 Real-Valued Observations Cannot Discriminate Above from Below

The papers' processing chain estimates displacement shifts, and the most direct executable
reading (the default of the earlier revision of this implementation) stores a real-valued scalar per
pair. That choice has an exact and previously unstated consequence.

Proposition 1 (Mirror ambiguity). Let y ∈ RP be a real-valued observation vector, let A(z)p =

exp(jKz,pz), and let ĥ(z) be any reconstruction of the form ĥ = Gy where G is built from

A evaluated on a depth grid symmetric about zero (matched �lter, pseudoinverse, or damped

pseudoinverse). Then ĥ(−z) = ĥ(z), so the tomogram magnitude satis�es |ĥ(−z)| = |ĥ(z)|:
above-surface and below-surface responses are indistinguishable.

Proof. A(−z) = A(z) entrywise. For the matched �lter, ĥ(−z) = A(−z)Hy = A(z)Ty = A(z)Hy
since y is real. The Gram matrices AHA + µI on a symmetric grid satisfy the corresponding
conjugation symmetry, so the damped pseudoinverse inherits the same property.

On an asymmetric grid the symmetry is hidden but the information de�cit remains: a real
vector has a conjugate-symmetric spectrum along the pair axis, and the sign of z is encoded
precisely in the broken symmetry that a real observation cannot supply. The earlier pipeline's

4
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vibration band-pass did not repair this � it retained both ±f bands. The corrective extension
is a per-lag-family one-sided (analytic-signal) spectrum step (Section 5.4): zeroing negative pair-
axis frequencies makes the inverted series genuinely complex and breaks the mirror exactly. The
implementation now records a direction_discrimination_available �ag in every product
and refuses to stay silent when an inversion would be direction-blind.

3.3 The Published Investigation Frequencies Are Aliased

The vibration time series available to the inversion is sampled at the pair-center times of each
lag family. For a staring-spotlight dwell of duration T and ND sub-apertures spanning the guard
band, consecutive pair centers are separated by ∆t ≈ T BDL/(BcD (ND − 1)); with the volcano
paper's parameters (T ≈ 14 s, ND ∼ 64) the sampling rate is of order 5Hz to 10Hz and the
Nyquist limit a few hertz. The volcano paper sets the investigation frequency to 200Hz and
the pyramid paper to 12.5 kHz; both exceed the pair-axis Nyquist rate by two to four orders
of magnitude. Such components enter the observations only through aliasing, and the depth-
axis scale derived from them (Section 3.5) then relies on the unaliased frequency being known
a priori. The implementation computes each family's Nyquist rate, counts aliased families,
warns prominently, and exports investigation_freq_aliased with every run so that aliased
con�gurations are at least explicit rather than silent.

3.4 Lag Families Carry the Depth Aperture

Within one lag family (�xed master/slave index separation ℓ), the e�ective baseline B⊥ is nearly
constant: the sub-aperture center times advance together and the orbit is locally linear, so Kz,p

varies only weakly with the master index and strongly with the lag ℓ. Consequently the steering
vector A(z) is approximately piecewise constant over families, and the usable spread of Kz �
hence the vertical resolution δz ≈ 2π/∆Kz � is set by the number and span of lag families

Nc, not by the number of pairs within a family. The papers sketch a single master/slave chain
(Nc = 1), which in this geometry yields an almost rank-one steering manifold and essentially no
depth discrimination. The multi-lag schedule (Nc > 1) used by this implementation is therefore
not a convenience but a structural requirement for the inversion to have any vertical aperture
at all; the ablation stage of the benchmark suite quanti�es the dependence (Section 10.4).

3.5 The Depth Scale Is a Free Parameter

The geometry term isKz = 4πB⊥/(λvib r sin θ) with λvib = v/finv. Both v (assumed propagation
velocity) and finv are user inputs; the data constrain at most their ratio through the self-
consistency of the focusing, and in practice not even that. Two consequences follow. First,
the absolute depth axis of any reconstruction is a rescaling of an assumed material model, not
a measurement; the same observation vector maps to 3 km of volcano or 30m of masonry by
choice of v/f . Second, synthetic validation must condition the steering manifold deliberately:
with physically plausible v/f for the synthetic geometry the total steering phase across the
depth window can be ≪ 1 radian, leaving all steering vectors nearly parallel. The benchmark
suite's synthetic stages therefore select λvib so that Kz-phase winds by several radians over the
depth window, and the degenerate setting is kept as an ablation. A �at MUSIC spectrum is the
sharpest available diagnostic of the degenerate case (next subsection).

3.6 Band-Passed Motion Series Are Nearly Orthogonal to the Steering Man-
ifold

After the family-wise band-pass at finv, the observation series oscillates along the pair axis within
each family, while by Section 3.4 the steering vectors are nearly constant within a family. The

5
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inner products A(z)Hy are then dominated by the family-mean (DC) component of the band-
passed series � for the analytic signal a small but nonzero residual � and the oscillatory energy,
which is the part the band-pass was designed to isolate, lives almost entirely in the steering-
orthogonal subspace. A MUSIC scan makes this visible directly: with the signal subspace
estimated from the data covariance, the projection of every steering vector onto that subspace is
near zero and the pseudo-spectrum is �at. The pseudoinverse tomogram's apparent contrast is
therefore carried by the family-mean component, not by the oscillation itself. This is the deepest
structural tension in the method as published: the steering model of Eq. (1) cannot represent
the temporal oscillation it is nominally focusing, and any reading that could (a time-frequency
dictionary) is not well de�ned by the papers (Section 3.1). The benchmark suite reports MUSIC
alongside the other estimators precisely because its failure mode is informative.

4 Inputs and Scene Preparation

4.1 Input Assumptions

The runtime assumes TerraSAR-X / TanDEM-X Level-1b SSC products in spotlight geometry
at complex �delity. SSC products are delivered in the DLR-de�ned COSAR format and are
complex-valued in slant-range geometry [6, 7]; complex samples are stored as 16-bit I / 16-bit Q
signed integers with big-endian byte ordering, arranged range-line by range-line [7]. Downstream
processing requires (i) acquisition and processing metadata (PRF, Doppler bandwidth, timing),
(ii) orbit state vectors su�cient to interpolate platform position and velocity over the acquisition,
and (iii) a geolocation grid mapping range�azimuth gridpoints to latitude/longitude/height with
incidence angle [7].

4.2 Prepared-Scene Interface and Current Inventory

Raw products are converted once into a prepared-view layout (slc.raw as interleaved �oat32
complex plus a normalized metadata.json) by prepare_slc.py; the tomography executable
and all experiment tooling consume only this canonical form. The real-data runs in this report
use two TerraSAR-X high-resolution spotlight (HS) SSC products prepared from delivered SIP
packages; they are treated only as ingestion and runtime test cases, so no scene is identi�ed
beyond its product type.

4.3 Axis Canonicalization and Line De�nition

The implementation enforces a canonical internal ordering row ≡ r (slant range), col ≡ a (azimuth);
all exported products record the adopted convention. A tomographic line is speci�ed as pixel
endpoints, a pixel polyline, or a ground-referenced polyline reprojected per scene. The reference
papers compute tomograms along contiguous pixel lines, so the line-�rst interface is method-
consistent while being more general [2]. The benchmark suite additionally de�nes automatic
azimuth- and range-oriented benchmark lines through the scene center of every prepared view
(capped at 4096 pixels) so that real-product runs need no manual planning.

5 Implemented Pipeline

5.1 Stage 1: Doppler Sub-Aperture Construction

Let s(r, a) ∈ C denote the focused SSC image and S(fr, fa) = Fr,a{s(r, a)} its 2-D DFT. Doppler
sub-apertures are synthesized by azimuth-frequency windowsWd(fa) centered at Doppler centers
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fa,d, optionally with range trimming Wr(fr):

Sd(fr, fa) = S(fr, fa)Wr(fr)Wd(fa), (2)

sd(r, a) = F−1
fr,fa

{Sd(fr, fa)}. (3)

With total Doppler band BcD and guard fraction BDL = βBcD (default β = 0.5), each sub-
aperture retains BcD −BDL and the ND centers step across the guard band. Two stepping con-
ventions are implemented: grid places �rst/last centers exactly on the guard-band edges (step
BDL/(ND−1), the default), and literal follows the papers' Appendix-A stepping BDL/ND for
strict paper-pro�le runs. Doppler centers are mapped to slow times through the orbit's relative-
Doppler history, and master/slave pairs are scheduled as lag families (m,m + ℓ), ℓ = 1, . . . , Nc

(Section 3.4).

5.2 Stage 2: Sub-Aperture Comparison and Motion Estimation

For master/slave looks si, sj , motion is estimated by patch-wise normalized cross-correlation
(NCC) around each line pixel, with FFT acceleration [11, 10] and parabolic sub-pixel peak
re�nement [17, 1]. The output per line pixel and pair p is the shift estimate (∆rp,∆ap) in pixels
and the NCC peak value used downstream as a con�dence score.

5.3 Stage 3: Observation Models

The tomographic datum is a complex observation vector Y = [y1, . . . , yP ]
T per line pixel. Three

observation models are implemented behind one switch; their classi�cation follows Table 2.

Complex two-component model (default; corrective). The papers' oscillator model (vol-
cano Eq. (8)) writes the per-pair motion sample as the pair {a, b} of coregistrator shifts. The
default model implements exactly that:

yp = ∆rp δr + j∆ap δa ∈ C, (4)

with δr, δa the slant-range and azimuth pixel spacings (velocity units divide by the pair time
separation ∆tp). Both components support pairwise common-mode centering. Relative to the
scalar default of the earlier revision, Eq. (4) restores the second degree of freedom the papers'
own motion model speci�es and makes the observation genuinely complex.

Scalar model (legacy literal reading). yp = ∆ap δa stored with zero imaginary part. Re-
tained for ablations; subject to Proposition 1 unless the analytic-signal stage is active.

Direct phasor (paper-compatible extension). The normalized local complex master/slave
correlation after applying the Stage-2 shift to the slave patch,

yphasorp = γp =

∑
q∈Ωp

sm,p(q) s
reg
s,p (q)√∑

q|sm,p(q)|2
√∑

q|s
reg
s,p (q)|2

, (5)

a coherence-like complex sample that sits naturally inside the steering inversion.

Bridge to the steering model. The papers motivate Y from motion estimates but do not
derive a linear complex model. The implementation makes the approximation explicit: lin-
earizing the NCC estimator about its peak and assuming narrowband harmonic motion with
depth-dependent phase progression up(zn) = cn exp(j(Kz,pzn + ϕ0)) yields

yp ≈
Nz∑
n=1

hn exp
(
jKz,pzn

)
, Y ≈ Ah, (6)
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an approximate focusing model rather than a �rst-principles derivation. The tensions identi�ed
in Sections 3.4 and 3.6 live precisely in this bridge.

5.4 Stage 4: Spectral Conditioning � Band-Pass, Analytic Signal, Nyquist
Guard

Per lag family, the observation series may be (i) band-pass �ltered around the investigation
frequency (paper-compatible conditioning) and (ii) converted to its analytic signal by zeroing
negative pair-axis frequencies (corrective; removes the Proposition 1 ambiguity). Both operate
in one FFT round trip per family. The analytic step defaults to auto: it is applied whenever
the observation model is motion-derived (complex or scalar) and skipped for the already-phasor
model. The investigation frequency is either supplied or auto-detected as the median spectral
peak over spectrally processable families; in either case the per-family Nyquist rates are com-
puted, aliased families counted, and the run annotated (Section 3.3). Every product records
which series (raw or �ltered) was inverted, whether the analytic step ran, and whether direction
discrimination is available.

5.5 Stage 5: Geometry and Per-Pixel Kz

Both papers de�ne

Kz =
4πB⊥

λvib r sin θ
, λvib =

v

finv
, (7)

matching the standard TomoSAR vertical-wavenumber form [18, 5] with the radar wavelength
replaced by an assumed vibration wavelength. In this single-SLC setting B⊥ is an e�ective-

baseline surrogate: master and slave sub-apertures correspond to di�erent center times within
one aperture; orbit interpolation maps those times to virtual positions Mp, Sp; and the signed

perpendicular component of Bp = Sp − Mp with respect to the local line of sight ℓ̂(P ; p) and
along-track direction is

B⊥(P ; p) = Bp · b̂⊥(P ; p), b̂⊥ =
ℓ̂× (t̂× ℓ̂)

∥ℓ̂× (t̂× ℓ̂)∥
. (8)

Kz is evaluated per pixel and per pair using slant range and incidence interpolated from the
geolocation grid. A null-test mode negates all Kz values after construction (Section 6.2).

5.6 Stage 6: Tomographic Estimators

Three estimators are implemented behind �estimator; all consume the same per-pixel (y,Kz)
and run batched on the GPU.

Weighted damped pseudoinverse (literal + engineering). The reference inversion h =
A†Y generalized to con�dence-weighted Tikhonov form:

ĥ = (AHWA+ µI)−1AHWy or ĥ = AHW 1/2(W 1/2AAHW 1/2 + µI)−1W 1/2y, (9)

choosing the row- or column-Gram form by min(P,Nz) [8, 9]. µ = 0 reproduces the paper-facing
baseline; a batched Cholesky solve is attempted �rst with LU and stability-damping fallbacks.

Capon / MVDR (paper-compatible extension). With sample covariance R̂ from a slid-
ing window of Llooks neighboring line pixels (the standard TomoSAR multilook) plus relative
diagonal loading,

PCapon(z) =
1

a(z)HR̂−1a(z)
, (10)

implemented with batched LU factorization and Nz-column batched solves [4, 20].
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MUSIC (paper-compatible extension; diagnostic). With eigendecomposition R̂ = UΛUH

and signal subspace Es spanned by the top K eigenvectors,

PMUSIC(z) =
1

∥a(z)∥2 − ∥EH
s a(z)∥2

, (11)

implemented as a stream of dense cheevd eigendecompositions (cuSOLVER's batched Jacobi
eigensolver is capped at n ≤ 32) followed by one strided-batched GEMM [19]. Beyond super-
resolution, MUSIC serves as the steering-manifold orthogonality diagnostic of Section 3.6: a �at
pseudo-spectrum is a measurement that the data covariance contains no component the steering
model can represent.

Adaptive vertical sampling. The depth grid (zmin, zmax, Nz) is derived by default from per-
pixel Kz/PSF diagnostics with an ambiguity-interval constraint; Appendix C gives the exact
rule.

6 Software Architecture and Engineering Extensions

6.1 Code Organization

The CUDA implementation is organized into three translation units sharing one internal header
(sar_tomo_cuda_internal.cuh with RAII wrappers, error-check macros, kernel declarations,
and an occupancy helper):

� sar_tomo_kernels.cu � all __global__ kernels and device helpers;

� sar_tomo_inversion.cu � the three estimators and batched-solver utilities;

� sar_tomo_pipeline.cu � sub-aperture generation, coregistration, observation construction,
spectral conditioning, geometry, null tests, and the per-view orchestration;

plus host-side ingestion/CLI/output units (sar_tomo_host.cpp, sar_tomo_math.cpp, main.cpp).
Every run exports a machine-readable processing_log.json and per-view descriptors captur-
ing the full con�guration, including the new �elds (observation model, estimator, analytic-signal
status, Nyquist statistics, null-test mode, sub-aperture stepping).

6.2 Null-Test Controls

Two falsi�cation controls are built into the executable rather than the analysis scripts, so they
apply identically to any ingested product:

� �null-test shuffle-pairs: one �xed seeded permutation of the pair axis is applied to the
observations and their weights while Kz is left untouched, destroying the observation�steering
correspondence. Any tomographic structure surviving this test is an artifact of the operator,
the weighting, or the normalization � not of the data.

� �null-test negate-kz: the sign of everyKz is �ipped. A data-driven tomogram must mirror
in z; structure that does not move is again operator-driven.

6.3 Other Engineering Extensions

Ground-referenced reprojection, defensive input validation, con�dence gating and soft weighting,
FFT-friendly size adjustment, OpenMP worksharing, pinned staging, memory-budget batching,
and Cholesky/LU stability fallbacks carry over from the earlier revision; their classi�cation is in
Table 2. None of them alters the inverse problem.
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Table 3: Asymptotic complexity of major stages.

Stage Cost

Sub-aperture construction O
(
(ND + 1)NrNa log(NrNa)

)
Coregistration / NCC O(LPW 2 logW ) (FFT-accelerated)
Spectral conditioning O(LP logP ) over lag families
Kz construction O(LP )
Pseudoinverse O

(
L(PNz + g2 max(P,Nz) + g3)

)
Capon O

(
L(P 2Llk + P 3 + P 2Nz)

)
MUSIC O

(
L(P 2Llk + P 3 +KPNz)

)
; eigensolve constant larger than LU

7 Runtime Architecture and Resource Model

7.1 Asymptotic Work

Table 3 summarizes per-stage cost. Symbols: L line length, P pair count, Nz depth bins,
ND sub-apertures, W coregistration window, g = min(P,Nz), Llk covariance looks, K MUSIC
sources, Nr ×Na scene size, B inversion batch.

7.2 Memory Model

The line-based design avoids any Nr × Na × Nz voxel cube; outputs are L × Nz. Dominant
terms: full-scene complex bu�ers O(NrNa) in the front end; optional cached NCC patch ten-
sor O(NDLW

2) (the largest optional device object); pairwise cubes O(LP ); batched inversion
workspace O

(
B(PNz + g2)

)
for the pseudoinverse and O

(
B(2PNz + 2P 2)

)
for Capon/MUSIC.

Batch sizes are derived from free device memory with reserve margins and halve-on-failure poli-
cies, making one �xed implementation usable across GPU memory capacities without changing
the reconstruction. Estimated persistent host/device bytes and observed peak VRAM are ex-
ported with every run.

7.3 Fixed CUDA/OpenMP Execution Path

The scene front end is GPU-resident (batched cuFFT sub-aperture synthesis, NCC via batched
correlation kernels); inversion proceeds in pixel batches through cuBLAS strided-batched GEMM
and cuSOLVER/cuBLAS batched factorizations, with pinned-host staging for observation up-
load [12, 15, 13]. OpenMP accelerates host-side geometry and diagnostics. These are performance-
only choices in the taxonomy.

8 Validation Methodology

The validation design distinguishes three levels of evidence, ordered by strength.

8.1 Operator-Level Consistency Checks

A host-side generator synthesizes observation vectors directly as Y = Ah + η with the same
signed-B⊥ convention and Kz law as the pipeline, then reconstructs with the same estimators.
These checks validate the focusing operator only � they bypass the front end entirely. Results
from the earlier revision carry over: signed B⊥ recovers single and double re�ectors at the correct
signed depths; folding to |B⊥| introduces mirrored ambiguity; mis-scaling λvib compresses or
stretches the recovered depth in the predicted direction.
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8.2 End-to-End Synthetic Ground Truth

The decisive addition is a raw-signal synthetic generator (generate_endtoend_synthetic_slc.py)
that injects known harmonic micro-motion at the SLC level, exercising the one link the oper-
ator checks bypass: sub-aperture decomposition → NCC tracking → observation linearization.
Under the staring-spotlight assumption, azimuth frequency maps to slow time t(fa) through the
same state-vector relative-Doppler interpolation used by the pipeline. A point target at pixel
(r0, c0) with time-varying sub-pixel displacement (dr(t), da(t)) contributes the spectrum

S(kr, ka) = At exp
(
− j2πkrNr

(
r0 + dr(t(ka))

))
exp

(
− j2πkaNa

(
c0 + da(t(ka))

))
, (12)

band-limited to the processed Doppler bandwidth, so that every Doppler sub-band sees the target
displaced by its instantaneous o�set at that sub-band's center time � exactly the signal model
the multi-chromatic front end is built to measure. Scenes contain vibrating targets (d(t) =
A sin(2πf0t + ϕ), with a 90◦ range/azimuth phase o�set giving genuinely elliptical motion),
stationary control targets of equal brightness, and band-limited speckle clutter at controlled
SNR. Ground truth (truth.json) records every parameter.

Scoring. The scorer (score_endtoend_synthetic.py) evaluates, per vibrating target: displacement-
tracking �delity (Pearson correlation, best-sign convention, �tted amplitude transfer ratio, and
RMSE of the measured pair shifts against the analytic di�erences d(tslave)−d(tmaster) computed
from the run's own pair schedule); frequency-detection error; tomogram contrast of the target
column against the background (median per-pixel peak outside guard zones); and peak-z local-
ization. Static targets report residual shift RMS; null-test runs are scored identically so contrast
ratios can be compared.

The trackable regime. The frequency sweep of Section 10.1 establishes two structural facts.
First, when the vibration completes ≳ 1 cycle within the sub-aperture integration time Tsub =
T (BcD −BDL)/BcD , the motion smears inside each look and tracking collapses; the usable band
is approximately f0Tsub ≲ 1, tying the observable vibration frequency to the guard fraction β and
dwell time. Second, in the trackable regime the range channel is excellent (correlation 0.97�0.99
for f0Tsub ≲ 0.4 at 40 dB SNR, with exact frequency detection), while the azimuth channel is
systematically weaker because sub-aperture azimuth resolution is coarser by the band-reduction
factor BcD/(BcD−BDL) and the windows of paired sub-apertures overlap heavily. The amplitude
transfer ratio is well below unity (window-overlap attenuation) and is itself a measurable transfer
function of lag and β.

8.3 Null Tests as Falsi�cation Bounds

Every claim of data-driven tomographic structure is bounded by the two null tests of Section 6.2:
target contrast under shu�e-pairs gives the operator-artifact �oor, and negate-Kz veri�es that
localized structure responds to the steering sign as physics requires. The controls run on any
ingested product; in this report they are exercised on synthetic ground truth, where the injected
micro-motion is known.

9 Benchmark Suite

All quantitative results in Section 10 are produced by one resumable orchestrator,

python ExperimentOrchestration/run_benchmark_suite.py
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Table 4: Benchmark-suite stages. Synthetic stages need no external data; real-scene stages consume
every prepared TerraSAR-X view found under Data/Prepared.

Stage Content

build_check Executable and GPU sanity.
prepare_real Extract TerraSAR-X .SIP.ZIP packages (including nested product

archives) and prepare SLC views.
tracking_validation End-to-end synthetic sweeps: f0 ∈ {0.5, 1, 2, 4, 8}Hz, SNR

∈ {10, . . . , 50} dB, amplitude ∈ {0.1, . . . , 2.0} px; scored against truth.
model_estimator_matrix {complex shift, scalar, direct phasor} × {pseudoinverse, Capon, MUSIC}

on three synthetic scenes.
null_tests {none, shu�e-pairs, negate-Kz} × three estimators.
ablations Analytic-signal and band-pass on/o�; grid vs literal stepping;

Nc ∈ {1, 8}; guard fraction β ∈ {0.25, 0.5, 0.75}.
perf_scaling Nsub, Nc, coregistration window, Nz, Capon looks, MUSIC sources,

scene size; wall time, stage timers, peak VRAM.
repeatability Five identical runs for timing variance.
real_scenes Automatic azimuth+range benchmark lines on every prepared view ×

six con�gurations (default, scalar-literal, Capon, MUSIC, shu�e null,
deep Nsub=128/Nc=8).

aggregate Merge metrics and scores into CSV/JSON/Markdown.

which plans ∼228 jobs across ten stages (Table 4), executes them under a cumulative compute
budget (default 48 h), writes per-job completion markers so an interrupted suite resumes from
the �rst un�nished job, and aggregates every run's con�guration, timings, memory, and scores
into benchmark_summary.csv/.json plus a Markdown digest. Every value in Section 10 is drawn
from the columns of that summary; the completed run reported here comprises 123 tomography
runs.

The synthetic stages �x λvib so that the steering phase winds by several radians over the depth
window (Section 3.5); the degenerate-scale regime is examined through the standing �at-MUSIC
diagnostic (Section 10.2) rather than a dedicated job. Hardware and software environment:
Intel Core i5-11600K, 64GB DDR4-3600, NVIDIA GeForce RTX 4070 (12GB), NVMe storage;
MSVC 19.50 x64 with CUDA 13.2, C++17, OpenMP, cuFFT/cuBLAS/cuSOLVER.

10 Results

Status. All quantitative results below are populated from one completed run of the benchmark
suite (123 tomography runs; benchmark_summary.csv/.json, generated 2026-06-13). Every
�gure in this section is rendered from the same machine-readable summary by

generate_benchmark_report_assets.py

so each number and plot traces to a single aggregated artifact.

10.1 Displacement-Tracking Fidelity

Table 5 exhibits the two structural behaviors predicted analytically. First, range tracking holds
(correlation ≥ 0.97) through f0Tsub ≈ 0.4 and then collapses sharply � to 0.10 at f0 = 4Hz
(f0Tsub ≈ 0.82) and 0.05 at f0 = 8Hz, with amplitude transfer falling below 10−3 and contrast
collapsing from 14.2 to below unity � a direct measurement of the sub-aperture smearing limit
at f0Tsub ≈ 1. Second, azimuth tracking degrades earlier and faster than range (correlation
0.94 → 0.38 over f0 = 0.5 → 2Hz), consistent with the coarser sub-aperture azimuth resolution
and heavy window overlap of Section 8.2. Frequency detection remains exact across the entire
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Figure 1: Tracking �delity vs. vibration frequency. The predicted collapse beyond f0Tsub ≈ 1 (Sec-
tion 8.2) bounds the method's observable-frequency band.

Table 5: Tracking �delity vs. vibration frequency (three vibrating targets per scene, SNR
40 dB, amplitude 1.0/0.5 px az/rg), scored against ground truth (score_mean_* columns of
benchmark_summary.csv).

f0 (Hz) 0.5 1.0 2.0 4.0 8.0

f0Tsub 0.10 0.20 0.41 0.82 1.64
Range corr. 0.90 0.99 0.97 0.10 0.05
Azimuth corr. 0.94 0.69 0.38 0.05 0.06
Amplitude ratio (rg) 0.37 0.26 0.06 0.001 0.000
Target contrast 48.8 37.9 14.2 0.3 0.5
Detected f (Hz) 0.50 1.00 2.00 4.00 8.00

Table 6: Tracking �delity vs. target SNR (f0 = 2Hz, amplitude 1.0/0.5 px az/rg).

SNR (dB) 10 20 30 40 50

Range corr. 0.33 0.26 0.91 0.98 0.98
Azimuth corr. 0.20 0.17 0.35 0.35 0.35
Target contrast 3.3 3.0 11.7 21.9 19.1
Static resid. RMS (px) 0.023 0.029 0.030 0.013 0.004

sweep (detected f = f0 to the grid), including past the tracking-collapse frequency, because the
injected spectral line survives in the family series even where per-pair tracking does not.

Tables 6 and 7 sweep SNR and injected amplitude at f0 = 2Hz. Tracking exhibits a sharp
SNR threshold between 20 dB to 30 dB (range correlation 0.26 → 0.91) and a sub-pixel amplitude
�oor: motions below ≈ 0.25 px are untrackable (range correlation 0.17 at 0.1 px), with reliable
recovery from 0.5 px upward. The static-target residual RMS bottoms out near 0.004 px at 50 dB
and rises to 0.03 px as SNR falls, setting the noise �oor of the displacement estimate.

Table 7: Tracking �delity vs. injected azimuth amplitude (f0 = 2Hz, SNR 40 dB; range amplitude is
half the azimuth amplitude).

Azimuth amplitude (px) 0.1 0.25 0.5 1.0 2.0

Range corr. 0.17 0.70 0.97 0.98 0.93
Amplitude ratio (rg) 0.01 0.02 0.03 0.07 0.04
Target contrast 0.2 1.9 5.5 7.9 10.3
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Table 8: Observation model × estimator matrix on the reference synthetic scene (f0 = 2Hz, SNR
40 dB), from the model_estimator_matrix stage. Range correlation is shared across estimators because
the front end is shared.

Model Metric Pseudoinverse Capon MUSIC

Complex shift rg corr 0.96 0.96 0.96
contrast 24.2 8.7 1.0

Scalar rg corr 0.96 0.96 0.96
contrast 27.5 9.6 1.0

Direct phasor rg corr 0.96 0.96 0.96
contrast 20.1 8.4 1.0

Table 9: Null-test outcomes (target contrast vs. background, complex-shift model, reference synthetic
scene). The shu�e-pairs contrast is the operator-artifact �oor; data-driven structure must exceed it. The
last row reports whether the tomogram peak-z mirrors when every Kz is sign-�ipped, as a data-driven
section must.

Control / metric Pseudoinverse Capon MUSIC

Contrast, none (reference) 24.2 8.7 1.0
Contrast, shu�e-pairs 23.2 8.7 1.0
Reference / shu�e ratio 1.04 1.00 1.00
Peak-z mirrors under negate-Kz? no no no

10.2 Observation Models and Estimators

Two observations stand. First, range correlation is identical (0.96) across all nine cells: tracking
is a property of the shared front end, and the estimators di�er only in how they render the
same observations into depth. Second, the MUSIC contrast of exactly 1.0 in every cell is not a
defect: it is the �at pseudo-spectrum predicted by Section 3.6, independently con�rmed against
a NumPy reference implementation (signal-subspace projections of all steering vectors < 10−3

of ∥a∥2). The pseudoinverse reports the highest contrast (20�28) across all three observation
models, but the null tests of Section 10.3 show this contrast to be carried by the shu�e-invariant
family-mean component rather than by the observation�steering correspondence; Capon's lower
contrast (8�10) re�ects its power calibration.

10.3 Null Tests

The acceptance criteria were �xed in advance: a claim of data-driven localization requires ref-
erence contrast ≥ 3× the shu�e-pairs contrast, and the tomogram peak-z must mirror under
negate-Kz for any direction-discriminating con�guration. Neither criterion is met on the syn-

thetic reference scene. The pseudoinverse reference contrast (24.2) exceeds its shu�e �oor (23.2)
by only 1.04×; Capon and MUSIC are �at to three signi�cant �gures. Under negate-Kz the
pseudoinverse peak-z locations are identical to the un�ipped run (0, −86, −21m for the three
targets in both cases) rather than mirroring. This is the central negative result of the synthetic
benchmark, and it con�rms Section 3.6 directly: the apparent tomographic contrast is carried
by the shu�e-invariant, sign-invariant family-mean component of the observations, not by the
observation�steering correspondence the inversion is nominally exploiting. The front end tracks
micro-motion (Section 10.1); the depth localization built on top of it does not survive its own
null tests.
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Table 10: Ablation outcomes on the reference synthetic scene. Each row removes or alters exactly one
corrective/structural element.

Ablation Measured e�ect (contrast unless noted)

Analytic signal o� (scalar model) Direction-discrimination �ag drops to false per
Proposition 1; contrast 27.5 → 21.6. The scalar
observation can no longer distinguish ±z.

Analytic signal o� (complex model) Direction �ag stays true (the complex model of Eq. (4)
retains genuine complexity); contrast 24.2 → 18.5, a
24% drop.

Band-pass o� Broadband observation; contrast 24.2 → 20.3 (−16%);
frequency detection una�ected (uses the raw series).

literal vs grid stepping (Nc = 8) Guard-band coverage di�ers by one step; contrast 24.2
(grid) vs 8.0 (literal) at matched runtime (≈ 16.8 s).

Nc = 1 vs Nc = 8 (grid) Depth-aperture growth with lag families (Section 3.4):
contrast 11.3 → 24.2 (2.1×); runtime 3.3 → 17.0 s.

Guard fraction β ∈ {0.25, 0.5, 0.75} Trades Tsub (smearing) against sub-aperture resolution:
tracking corr. 0.89/0.96/0.98; contrast 11.0/24.2/3.5
(peaks at β = 0.5).

Figure 2: Performance scaling of the split-architecture implementation, from the perf_scaling stage
(wall_s and peak_device_bytes_observed).

10.4 Ablations

The ablations con�rm each corrective element on its own axis. Removing the analytic-signal
step under the scalar model �ips the direction-discrimination �ag to false (the runtime refuses
to claim above/below resolution, per Proposition 1), while the complex model keeps the �ag
true and loses only 24% of contrast � the corrective complex observation is what makes direc-
tion discrimination available at all. The lag-family schedule is structural rather than cosmetic:
collapsing to Nc = 1 halves contrast, and the papers' literal sub-aperture stepping at Nc = 8
underperforms the grid default by 3×. The degenerate-scale regime of Section 3.5 is not run
as a separate job; its signature � a �at MUSIC pseudo-spectrum � is already present as the
contrast-1.0 MUSIC column throughout Table 8.
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10.5 Performance and Scaling

The default synthetic con�guration (2048-pixel line, Nsub = 64, Nc = 8, P = 476 pairs, Nz = 67)
completes in 17.3 s end-to-end; the Capon inversion is of the same order as the pseudoinverse
(both runs ≈ 17 s), and MUSIC adds ≈ 7 s (run total 24 s), dominated by the per-pixel cheevd
stream. Runtime scales as expected from Table 3: wall time runs 5.7 s to 54.4 s across Nsub =
16 . . . 256, 5.1 s to 60.8 s across Nc = 1 . . . 16 (near-linear in the pair count), and 8.9 s to 33.4 s
as the scene grows from 256× 2048 to 1024× 8192. The coregistration window is the sharpest
memory lever: enlarging it from 15 to 63 px barely changes wall time (16.9 s to 18.2 s) but raises
peak VRAM from 2.6 to 10.4GiB. Memory-budget batching keeps the �xed binary within
the 12GB card across the whole sweep � at Nsub = 256 the halve-on-failure policy actually
drives observed peak VRAM down to 1.2GiB � so no con�guration in the matrix runs out
of memory. A 4096-pixel azimuth benchmark line from a TerraSAR-X HS SSC product at the
default con�guration completes in 163 s with 4.16GiB peak device memory; across the six real-
data con�gurations and both products, benchmark lines run 52 s to 163 s with peak VRAM near
4.2GiB (rising to 10.5GiB only for the deep Nsub=128 con�guration). The repeatability

stage (�ve identical default runs) gives 17.28± 0.30 s wall time, a 1.7% coe�cient of variation.

10.6 Real-Data Ingestion

The pipeline ingests TerraSAR-X HS SSC SLC products through the prepared-view interface
of Section 4 and runs the full chain � sub-aperture synthesis, coregistration, observation con-
struction, spectral conditioning, geometry, and inversion � end-to-end on them. The real-data
runtime and memory envelope is reported alongside the synthetic scaling in Section 10.5: 4096-
pixel benchmark lines complete in 52 s to 163 s at peak VRAM near 4.2GiB, con�rming that
the �xed CUDA path handles production-size products without manual tuning. Because this
study is a benchmarking and ground-truth-validation exercise, and because on this method a
real-product tomogram could only be a depth-scale-assumed, null-bounded rendering with no
available ground truth (Section 11), qualitative evaluation of the real products is deliberately
omitted; their role here is to exercise ingestion and to measure runtime and memory at scale.

11 Discussion

11.1 What Is Established

Five results are established strongly. First, the published work�ow is executable: every stage
of the 11-block scheme has a working counterpart, and the implementation keeps the method-
facing quantities explicit. Second, the method as written has identi�able signal-level defects �
dimensional inconsistency of the steering law, exact mirror ambiguity of real observations, aliased
investigation frequencies, lag-family-bound depth aperture, and steering-orthogonality of the
band-passed motion series � each demonstrated analytically and, where applicable, measured.
Third, the front end demonstrably works in a bounded regime: under ground truth, the sub-
aperture/NCC chain recovers injected micro-motion with range-channel correlation near 0.99,
exact frequency detection, and a quanti�ed smearing limit at f0Tsub ≈ 1. Fourth, the null tests
are decisive in the negative: under synthetic ground truth the tomographic localization does
not exceed its shu�e-pairs �oor (reference/shu�e contrast ratio 1.04× against a pre-registered
3× threshold) and does not respond to the Kz sign �ip, placing the method's apparent depth
contrast in the shu�e-invariant family-mean component exactly as Section 3.6 predicts. Fifth,
the implementation is practical: the �xed CUDA path with three estimators runs 103�104-pixel
lines in seconds to minutes on a single workstation GPU with explicit memory bookkeeping.
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11.2 What the Corrections Change

The corrective extensions move the pipeline from �literal but defective� to �faithful to the papers'
evident intent and internally consistent�: the complex observation restores the papers' own two-
component motion sample; the analytic-signal stage makes above/below discrimination possible
at all; the Nyquist guard converts silent aliasing into recorded provenance. None of these changes
validates the method's physical premise � they remove reasons it could not have worked even
on its own terms.

11.3 What Remains Open

The central open question is unchanged but is now sharply localized: whether the family-mean
component of micro-motion observations carries depth information about subsurface structure at
all. The depth scale remains a free parameter (λvib = v/f); the steering model cannot represent
the temporal oscillation it nominally focuses; and the published investigation frequencies are
unobservable except through aliasing. Within this implementation, the honest reading of any
tomogram is: a depth-parameterized rendering of family-mean motion contrasts, trustworthy
only where it exceeds the null-test �oor � and in every experiment run here it does not exceed
that �oor by the pre-registered margin � with a depth axis whose absolute scale is assumed.
Establishing more would require physical ground truth (instrumented vibration sources, known
buried geometry) that no single-scene experiment can supply.

12 Conclusion

This report turned a contested published method into working, instrumented research software;
proved �ve structural properties of the method that its source papers do not state; implemented
corrections where corrections are well de�ned; and built the validation and benchmarking ma-
chinery � ground-truth synthetics, null tests, three estimators, and a resumable 48-hour suite �
needed to say precisely what the pipeline can and cannot demonstrate. The strongest results are
the analytical ones and the ground-truth synthetic measurements; the real-data work is con�ned
to ingestion and runtime benchmarking, with qualitative tomographic evaluation deliberately
out of scope. Every quantitative result here is drawn mechanically from one completed run of
that suite, and that run delivers a clear verdict: the front end recovers known micro-motion,
while the tomographic localization fails its own shu�e-pairs and sign-�ip null tests under syn-
thetic ground truth. The manuscript's claims and its evidence stay coupled by construction,
and the evidence does not support a claim of data-driven subsurface structure.
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A Pipeline Overview

Table 11: Compact pipeline overview with taxonomy classi�cation.

Stage Main outputs Classi�cation

Data ingestion Prepared SLC view, normalized metadata Literal + engineering necessity
Scene preparation Canonical axes, line coordinates, previews Engineering necessity
Sub-aperture front
end

Sub-aperture looks, pair schedule (lag
families)

Literal core; multi-lag schedule
is structural engineering
(Section 3.4)

Motion estimation NCC shifts, con�dence scores Literal core
Observation
construction

Complex two-component / scalar / phasor
series

Corrective default +
literal/extension options

Spectral
conditioning

Band-passed, analytic series; Nyquist
annotations

Engineering + corrective

Geometry Per-pixel signed Kz Literal core, e�ective-baseline
surrogate

Inversion Magnitude/phase section via pseudoinverse
/ Capon / MUSIC

Literal core + extensions; �xed
CUDA runtime

Controls and output Null tests, descriptors, processing log Falsi�cation + reporting layer

B Con�guration Reference

Table 12: Principal executable options added or changed in this revision (full list via �help).

Option Meaning

�observation-model M complex_shift (default) | paper_doppler_scalar | direct_phasor
�analytic-signal M auto (default) | always | off; one-sided pair-axis spectrum per lag

family
�estimator E pseudoinverse (default) | capon | music
�capon-looks N Sliding-window looks for the Capon/MUSIC covariance (default 9)
�capon-loading F Relative diagonal loading for Capon (default 10−3; auto-escalates

on factorization failure)
�music-sources K Signal-subspace dimension for MUSIC (default 1)
�subap-step MODE grid (default, BDL/(ND − 1)) | literal (papers' BDL/ND)
�null-test MODE none | shuffle-pairs | negate-kz (�null-test-seed N)
�investigation-freq F Vibration frequency in Hz; 0 = auto-detect; aliasing status always

recorded
�vibration-velocity V Assumed propagation velocity (m/s); sets λvib = v/f and hence the

depth scale

Reproduction. Build commands are recorded in CUDA Implementation/notes.txt (three
CUDA translation units plus host units; any change to sar_tomo_types.hpp requires recompil-
ing all units). The complete benchmark is one command

python ExperimentOrchestration/run_benchmark_suite.py

resumable by re-invocation; �dry-run previews the plan, �stages selects subsets, and �budget-hours
adjusts the cumulative cap.
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C Adaptive Selection of zmin, zmax, and Nz

The pipeline uses an adaptive vertical-sampling policy by default, keeping the section focused on
a useful relative-height interval while avoiding over-discretization beyond the vertical resolving
power.

Ambiguity interval versus practical resolution. From the sorted per-pixel Kz samples,
representative positive spacings ∆Kz give the repeat-lobe scale

∆zamb ≈ 2π

median(∆Kz)
, (13)

while the local coherent PSF

PSF(zn; zref) =
1

P

∣∣∣∣∣∣
P∑

p=1

exp
(
jKz,p(zn − zref)

)∣∣∣∣∣∣ (14)

yields an FWHM-based resolution estimate. The ambiguity interval constrains the total span;
the PSF FWHM controls bin spacing.

Final bin count. With resolution statistic∆zres (PSF-FWHM upper quartile when available),
the bin spacing is

∆zstep = max

(
∆zres
βres

,
Sfinal

Nmax − 1

)
, (15)

with βres = 1.25 bins per resolution cell and (Nmin, Nmax) = (16, 96); the resulting bin count is
clamped to that interval.

D Use of AI

AI assistance was used throughout this project as an interactive engineering, debugging, and
editorial aid. Early work in February and March 2026 used OpenAI/ChatGPT and Claude to
explore the Biondi-Malanga Doppler tomography method, identify suitable SAR data sources,
draft reproducibility sca�olds, and review CUDA/OpenMP/Python implementations. Subse-
quent Codex sessions in VS Code helped turn those notes into repository changes, including
TerraSAR-X metadata and axis handling �xes, tsx2slc validation, C++/CUDA pipeline re-
structuring, observation-model and Kz alignment with the reference papers, CUDA inversion
work, memory/debugging �xes, and synthetic or real-data experiment runs.

Later GitHub Copilot Chat and Claude Code sessions were used mainly for report produc-
tion, experiment orchestration, and independent review. These sessions helped compile and edit
ParallelTomography.tex, prepare runtime and benchmark tables and �gures, audit the codebase
against the source papers, and prototype benchmark-facing extensions such as complex-shift ob-
servations, analytic-signal handling, null tests, Capon/MUSIC estimator checks, and resumable
benchmark orchestration. The research framing, selection of claims, interpretation of results,
and �nal acceptance of code/report changes remained under human control; AI assistance was
used to accelerate implementation, documentation, testing, and critical review.
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